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Now consider the function H(^, /) = f K(w, s)K(t, u] du; for each fixed
J a	_ _
/el, we can apply to it (11.6.3), and we see that Hfo 0 =
where the series is convergent for any pair (s, t) e I x I. In particular
for all sel, and K(s9s) is continuous; by Dini's
n
theorem (7.2.2), the convergence is uniform in I. Q.E.D.
(11.6.6)   If K is hermitian, then
(*b
lim I
n-*oo Ja
 k=l
uniformly for sel.
With the notations of the proof of (11.6.5), we have
(11.6.6.1)	limH(s, s) - £ %9&)<pk(s)   = 0
?j-»oo\	&=1	/
uniformly for sel; if we evaluate the integral in the statement of (11.6.6),
using the fact that the q>k are eigenvectors of U, and that they are orthogonal,
we obtain the expression in the left-hand side of (1 1 .6.6.1 ), whence the result.
In general, the  series £ An (pn(s)<pn(t)  will not be convergent for  all
n
(s, t) e I x I; but we have the special result:
(11.6.7) (Mercer's theorem) Suppose the compact operator U defined by
the hermitian kernel K(s, t) is positive. Then we have K(s, t) = J] /ltt <pn(s)<pn(t)9
n
where the series is absolutely and uniformly convergent in I x I.
We recall that we have here An > 0 for every n (11.5,9). We first prove
that for each s e I, the series ]T AM \<pn(s)\2 is convergent. For any s e I, we
n
have K(s, s) ^ 0. Otherwise, there would exist a neighborhood V of s in I
such that @(K(s', f)) < - 5 < 0 for (s'9t)eVx V. Let <p be a continuous
mapping of I into [0, 1], equal to 1 at the point s, to 0 in I - V (4.5.2). Then
we have
<p(t)dt\   <0

